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A procedure for optimizing generalized polynomial functions occurring widely in

engineering design problems is presented.

Equality constraints of fheLsame form
can be handled. The technique involves driving to zero the gradient of a

agrangian

function by a Newton-Raphson method. A nonlinear transformation so simplifies the
derivatives needed for Newton-Raphson iteration that they are given in closed form.
The initial estimate needed to start the algorithm need not be feasible. Successive
systematic adjustment of Lagrange multipliers is accomplished, and an unambiguous
procedure for starting multipliers is given. All implicit computations are linear.
Convergence is not proven, but successful computational results for the design of a
reactor exchanger pump system in eight variables and with five constraints are

presented.

This article gives a new procedure for finding optimal
process designs of any system whose economic objective
function and constraining physical equations are general-
ized polynomials. Although the term generalized polyno-
mial may be unfamiliar to many engineers, the functions
themselves should not, for they are generated by any phe-
nomenon which plots as a straight line in log-log coordi-
nates. Most design problems can often be fitted neatly into
this theoretical framework, perhaps after straightforward
changes of variable have removed fractions and radicals (4).
Published examples of systems modeled by generalized
polynomials already include electrical transformers (4),
heat exchangers (4, t), and chemical reactors with external
cooling (6). Process design texts (7) are full of further
possibilities.

Present optimization techniques (3) are of little practical
value for generalized polynomial problems because the
functions are highly nonlinear and only rarely convex. The
first attempts to optimize such functions led to the elegant
theory of geometric programming (4), which suggests how to
optimize posynomials, a subclass of generalized polynomials
in which no negative terms are permitted. Geometric pro-
gramming replaces the original problem by an auxiliary one
involving optimizing a convex function subject only to
linear constraints. The latter problem is sometimes easier
to solve than the former, especially when the number of
terms is not much greater than the number of variables. An
efficient nonlinear programming algorithm for the auxiliary
problem of geometric programming has already been applied
to the design of vapor condensers (5). This approach fails,
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however, if any terms in the objective or constraint func-
tions are negative.

The existing theory of polynomial optimization (7, 3)
gives no way to compute optima except in the special case
where there is exactly one more term than there are inde-
pendent variables. Also the theory is forrulated in terms
of inequality constraints, although the physical restrictions
occurring in practice are more often strict equalities. This
article gives an optimization algorithm, suitable for equality
constrained problems, which has exhibited rapid conver-
gence on a realistic reactor-exchanger-pump system with
nine variables (6).

The main idea is to use a Newton-Raphson procedure (3)
to drive to zero the components of the gradient of a Laagran-
gian function formed from the logarithms of the original ob-
jective function and the constraints. A nonlinear trans-
formation, which amounts to substituting a weighting
variable for each term, makes the Lagrangian gradient linear
in the weights as well as in the Lagrange multipliers, al-
though bilinear in the two sets of variables taken together.
The polynomial form of all the functions makes available,
in closed form, the derivatives needed for the Newton-
Raphson iteration. To begin, one selects a trial primal
solution, not necessarily satisfying the constraints exactly.
This immediately gives the initial values of all the weight
variables, which, when substituted into the Lagrangian
gradient, gives a set of functions linear in the unknown
Lagrange multipliers. By straightforward and well-known
matrix calculations, the initial values of the multipliers are
chosen to minimize the sum of squares of these functions.
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Substitution of these values of weights and Lagrange mul-
tipliers into simple formulas gives the numbers needed for a
Newton-Raphson adjustment, obtained by solving a non~
singular set of linear equations. This gives new values of
the Lagrange multipliers and of the original primal vari-
ables. When the latter are transformed into new weights,
the Newton-Raphson procedure is repeated.

Eben and Ferron (8) have a different computation scheme
which is also applicable to generalized polynomials. They
use the method of successive substitutions (9) to solve a
set of linear equations, similar to those in this article, al-
though they are derived in a different way. The beauty of
their approach is its simplicity and adaptability to problems
involving functions not generalized polynomials, for ex-
ample, those with exponential terms. The Lagrangian ap-
proach in the present article is quite different, using
second-order conditions usually yielding more rapid con-
vergence but requiring differentiability. Also the present
method requires neither elimination of nonlinear equations
nor selection of an independent system of nonlinear
transformations.

Since exposition and justification of the algorithm re-
quires only straightforward differentiation, transformation,
and solution of linear equations, the paper is self-con-
tained. Global convergence is, of course, ruled out be-
cause of the possibility of multiple zeros of the Lagrangian
gradient. Because, as for all other methods for solving
this nonconvex problem, no proof of convergence is avail-
able, computational results for two numerical examples are
given. Since they indicate that the algorithm’s high per-
formance is not unduly sensitive to the initial choice of
primal values, the algorithm merits at least a cautious try
by design engineers.

CHEMICAL REACTOR DESIGN

Before examining the algorithm consider the problem of
finding the best design of the chemical reactor system
shown in Figure 1. In this problem, originally formulated
by Westbrook and Aris (10), a feed stream q enters the re-
action vessel of a fixed temperature T. It is required to
produce a certain commodity E at a rate P by means of two
parallel exothermic reactions:

Ry
A—DB

k,
A+D—E

The heat generated by the reactions is removed by an ex-
ternal heat exchanger while isothermal temperature control
is maintained by circulating a bypass stream. The problem
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Fig. 1. Chemical reaction system.
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is to design the system to produce P while optimizing some
economic criterion.

In reference 6 this problem is formulated as a generalized
polynomial program with nine variables and six inequality
constraints. Briefly the methodology proceeds as follows:
(a) The kinetic rate expressions are specified and used to
write steady state material and energy balances. (b) Con-
ventional design relations are employed to size the reactor
vessel, exchanger, pumps, and ail other pieces of equip-
ment. (¢) An economic criterion is specified and expressed
in terms of the parameters appearing in (a) and (b). Some
simplifying assumptions and algebraic manipulations are
usually necessary so that the model consists exclusively of
generalized polynomials. Anyone contemplating the case of
generalized polynomial programming for plant design should
become familiar with reference 6.

A severe limitation on the procedure was the necessity to
transform, by heuristic methods, the physically realistic
equality constraints into inequalities suitable for analysis
by the algorithm described in reference 17. The technique
described in this paper permits the use of equality con-
straints so that problem formulation is greatly simplified.
Consider this optimal reactor design problem for profit
maximization at T = 200°F. formulated as an equality con-
strained generalized polynomial program:

minimize -g, = 0.5(0. - 8) o=-1 o)

where
§ = 492,000 + 556 c A d3,
2.85

Wo
Al-70

0. = 18,000 + 0.19I + 10.5d%, + 7.32 x 10~

2.80

+ 0.0189w; + 2.12 x 10~ i:i_

1.80

+ 232q - 410gc 4 - 82000
[ = 21.5W°-"2 4+ 5500 + 550d,, + 2030d%;° + 647¢°*¢"

,1.33

L 0.184 20

o+ 1060405

subject to the following:
1. Material balance constraint:

1204 105

g = =1 (2)
dy

2. Energy balance constraint:

d3
g - 1.03 x 105 SATV_ 99, 108 -1
wWoAT, weAT,
3. Reactor vessel design constraints:
d3 dZ d2
g, - 4.68 WV +6.13 -WK +160.5 —W‘i - (4)
dd 35.7
€= 1794 + 3.02 %A 20 )
q q
4. Exchanger design constraint:
. WoAT L, WtAT
gs = 1.22 x 10-° W+1.67x10 3 —‘—AO—OTG——
AT AT
£ 3.6 %107 222 20«10 KO0
wi
+40x102AT =1 (6}
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TABLE 1. NOMENCLATURE FOR REACTOR DESI GN PROBLEM

A area of heat transfer, sq. ft.
¢ concentration of component A, lb.-moles/cu. ft.
df/ diameter of exchanger tubes, ft.
I fixed plant investment, $
kyk, reaction rate constants, hr.~!
Oc operating cost, $/yr.
P production rate of D, lb.-moles/yr.
q reactor volumetric flow rate, cu.ft./hr.
T temperature of process stream, °F.
W;Woe mass flow rate inside (outside) tubes, 1b./hr.
W weight of reactor steel, lb.
AT temperature driving force, °F.—
i annual profit, $ /yr.

where the parameters are defined in Table 1. The complete
formulation of this problem from first principles is con-
tained in reference 6. The computational aspects of the
solution will be presented after the algorithm has been ex-
amined and illustrated with a simple example.

DESCRIPTION OF METHOD

This section defines the polynomial optimization problem
and describes the algorithm for solving it. Justification of
the procedure is presented later, following a sample cal-
culation and discussion of computational experience.

Consider M + 1 generalized polynomials g, defined by

T
i N

gn=)  Omem 1 22™" m=01..cM @
t<1 n=1

The strictly positive, finite independent variables x,, are to
be chosen

0<xp<oo n=luee,N (8)

whereas the positive real constants

Cme>0  t=1,eee,Th (9)

the arbitrary real exponents a,,;,, and the signum functions
Ome =1 (100

are presumed known in advance. The equality constrained
generalized polynomial minimization problem is

min g, (1D
X

subject to

gm=1 (m£ 0 (12)

To initiate the algorithm, choose finite, positive values
x;, of the x, not necessarily satisfying the constraint Equa-
tions (12), and use Equation (7) to compute corresponding
values g, of the polynomials. Then calculate a weight

w; ., one for each term, by

N
(08 cor T X0 form =0
n=1

wo = (13)

N
(@) cme IT x2°™" form=1,...,M
n=1

where the sign of g, at the desired minimum x*
o = sign (g¥) (14)
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is assumed known in advance and gg$ > 0. Next evaluate
the following sums:

T

3

Snm = Omt@min Dt (15)

o~
il
—

From these sums form the N x I vector

s%:(s‘io,...,sg]o)T (16)

(the superscript T denotes transposition) and the N x M
matrix

[e) Q '
S110° 10 81M
So={ . . a7n
(o]
N1t SN,

assumed to be of rank M, so that $°7T S° is nonsingular.
Then compute the M x 1 vector of multipliers
A =(s°T 891 soT 50 (18)

)

Let the total number of terms be

M
T=3 Ty 19)
m=0

and form the T x 1 vector

O (o] (o] te] O
WO Wiy wyp Wl e Wi

[e] (o]
le,---,wMTM) (20)

The vectors w® and A° are needed to begin the computation
process.

Consider now the it? cycle of the iteration process. The
algorithm generates corrections Aw® and AX to the current
values w’ and A’ of the weights and multipliers, yielding
estimates wi*! and A™*1 for the next iteration.

witl o wi o Awly AL 2 A, AN 21

To do this, evaluate sums s,’;m and form from them a vector
s, and an N x M matrix S’ just as in Equations (15) to (17),
the superscript being i instead of zero. Also compute the
N? totals forn,j=1,.-.,N

N TO
o= g
nj Oot8otnlotjWot
t=1
M T ‘
+ Z A;n Z a"ﬂammamtjw;nt (22)
m=1 t=1

and assemble them into an N2 symmetric matrix

i i
by tin

Ti= cen (23)

; ;
INT e INN

At each iteration there is known the value of one additional
variable v', which is also adjusted by the algorithm. To
begin, take it to be the value of the objective function at x°

vV=ogy (24)
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Form the (M + N + 1)? symmetric Newton-Raphson matrix R!

T! si s!
[e]
Rl - sf)T -1 0 (25)
siT ¢ 0

where 0 represents null matrices of appropriate dimension
to fill out therows and columns of R:. Observe that the as-
sumption that S’ has rank N implies that R! is nonsingular.
Next construct the (M + N + 1) x 1 error vector e’

S-S o
- g (! s, = S'A!
el=| 1.g =| o-gl ) (26)
: .
l‘g,‘n

where the third member above merely defines the M x 1
vectors 1 (all components unity) and g (the vector of con-
straint function values). Then an (M + N + 1) x 1 vector of
adjustments is given by

Aln x!
Aln vt
AN

= (R)~* @f (27)

Here In xi represents the N x 1 vector of natural logarithms
of the x}, so that the next estimate x+1lis
i+1

; )
xptt=x, exp (Aln x})

(28)
whereas

v+l _ piexp (A ln v) (29)

These quantities are used to compute new values of the
weights, defined by Equation (13) form=1,..., M, but
given for m = 0 by

(30

N
i+1 _ i+1y~ act
w:;i = hH= ¢y I xnU”
n=1

Since the new A1 are known from Equations (21) and (27),
the algorithm has completed the i*! iteration. The procedure
continues until all components of the error vector are ac-
ceptably close to zero.

SAMPLE CALCULATION

The importance of initial approximations in obtaining the
local minimum in as few iterations as possible can be ii-
lustrated by the following example: Find the vector (x¥,
x*) > 0 that

minimizes g, = 5x} + 10xZ - 50x,x, - 30x? (31
subject to the constraint
. (32)
& 1200 "1200 -

where gf <0 so that ¢ = -1. A local minimum for this prob-

lem occurs at x* = 12.58 and x§ = 32.27 where gf = -4677.57
and the multiplier x* has the value -0.064895. Setting

x = 12.6 and x? = 32.3, a good approximation to the optimal

solution, the problem was solved for different values of
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A2 with the number of iterations shown in Table 2. A poor
approximation greatly increases the computational burden,
encouraging the use of the algorithm initiation procedures
even when a good approximation to the x* variables is
available.

TABLE 2. NUMBER OF ITERATIONS FOR DIFFERENT A;

No. of No. of

AL iterations R iterations
0 3 0 3
0.1 -0.1 3
1 4 -1 3
2 5 -2 4
5 7 -5 7
10 13 -10 12

The efficiency of the algorithm for different initial es-
timates x°, x{ when the multiplier A{ is obtained by Equa-
tion (12) is shown in Table 3. Points 2 and 3 are interior
to the circle described by the constraint but quite close to
the optimum. Points 4 to 6 are also interior but poor ap-
proximations to x¥, x¥. Finally the number of iterations for
points 7 and 8 exterior to the circle are presented. The
value of good estimates for large systems will be discussed
further in the paper.

TABLE 3. NUMBER OF ITERATIONS FOR DIFFERENT X{, X§

No. of
Point No.  «{ x5 a g5 1-g) iterations
1 12.6 33.2 0.128 -4654.5 ~0.0508 3
2 10.0 30.0 0.320 -4000.0 0.167 4
3 15.0 25.0 0.093 -2375.0 0.292 5
4 10.0 10.0 0.250 ~2000.0 0.833 5
5 1.0 1.0 -0.962 —-65.0 0.998 12
6 0.05 0.06 -0.998 ~0.2 1.000 100+
7 12.0 35.0 0.381 -4430.0 -0.141 4
8 13.0 45.0 1.87 -3085.0 -0.828 5

To conclude this section, the progress of the algorithm
starting from the point x = x$ = 10 is presented in Table 4.
Note the quadratic convergence behavior demonstrated in
this example.

TABLE 4. SOLUTION FOR x{ = 10, x7 = 10

Iteration
No. x[P) ) A g @M ™) 1~ g ™ x M)

1 10.0 10.0 0.250 —2000.0 0.833

2 13.14 27.18 0.492 —~4305.6 0.240

3 12,73 33.29 -0.168 —-4653.9 -0.0584

4 12.59 32.30 -0.0738 -4677.0 -0.00170

5 12.58 32.28 -0.0649 —-4677.6 -4.14 x 10°
JUSTIFICATION

The algorithm is a Newton-Raphson procedure for simul-
taneously satisfying the primal constraints and driving to
zero the gradient of a certain Lagrangian function. Deriva-
tions justifying the formulas given previously are presented
here.

In reference I it is proven that the original primal mini-
mization problem defined in Equations (7) to (13) is equi-
valent, that is, has the same solution, as the following one:

min (o In o g,) (33)

X
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subject to
Ingn=0m=1,....M (34)

Introduce a Lagrange multiplier (3) A, for each of the M
constraints and form the logarithmic Lagrangian function:

M
L=olnog, - Am ln gnm (35)
It is well known (3) that at a local minimum the first deri-
vatives of L must vanish. Let the minimizing values of all

variables and functions at a local minimum be marked with
* Thenforall j=1,...,N

T, N

oL a
—] =0=( *)— (g i (xx)Totn
<axj) x 8O ;)Ootaotjcot nI;Il Xy
" Ty N
- Z ’\m(gfn)_l Z Omtamincme [J (xhemin (36)
-1 = n=1

This expression is simplified by factoring out x’}'f, which is
finite and positive, by Equation (2), and by introducing the
following weights:

N
II 2041 for m - 0
Wy = ) (37)

Cmin

x, form=1,..-,M

==

Cmt

n=1

Here v is regarded as an estimate of o g¥ generated by the
algorithm. The simplified version of Equation (30) is, for
n=1,...,N

TD
vk (gh) o Z TotQotn Wt

t=1

M T
N Z A (7)™ Zomtamtn whe=0  (38)
t=1

Since x* must satisfy the constraint Equation (6)
g =1mL0 (39)
Also v must equal o g¥ at x* by definition.
V¥ =og¥ (40)

Equations (36) to (38) give

Ty Ty
Z OotdotnWht - Z A%, Zomtamtnwmt =0 (41)
t=1 t=1

Equations (7), defining the polynomials, and (37), defining
the weights, yield, upon summation

TO
Z OotWor = &V~ (42)
t=1
T
ngtwmt=gm§ m# 0 (43)
t=1
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At a feasible local optimum, Equations (12), (40), (42), and
(43) give

Zootw"c‘,t:a (44)

=3

m

E TmtWht =
t=

The algorithm is intended to generate solutions A* and w*
satisfying the N orthogonality conditions (42) and the M + 1
normality conditions (44), (45).

For the initial estimate x°it is natural, in view of Equa-
tion (34), to take

m=1,e0 M (45)

Vo= 0g (46)

This fixes all the weights. Application of abbreviation,
Equations (9) to (11), converts Equation (41), written
formally for w° [defined in Equation (13)], and A° instead of
w* and A*, into

SO0 = 89 an

Equation (17) then gives the least squares solution to this
inconsistent set of N linear equations in only M unknowns
Am- That is, it yields the vector A of Lagrange multipliers
minimizing the sum of squared differences between the left
and right members of Equation (47).

It is convenient to rewrite Equation (37) as

N
Wor=exp [Incor + Z Aotn 10 Xy -1n (v) (48)
L n=1
and
i N
Wmt =€xp | Incpmyr + Z Amin In xp, | form £0 (49)
L n=1

Differentiation gives

Jw
"~ amtjWme (50)
dln x;
and
3 —Wot for m=0
Wme (51)
dln (v) 0 for m#£0
Therefore by Equation (22)
3 T, M T, :
o - A o w
ET % Z otQotnWot Z m mtAmtnWmt
t=1 m=1 t=1
T, ) M T .
= Z Uotaotnaotjwfn - Z /\7’7; Z Umtamtnamtjwﬁnt
t=1 m=1 t=1
eothiign=1, N - (52)

Moreover, by Equation (15)

3 T, M T
5111—(1)) Z OotQotnWot — Z Am Zamtamtnwmt
t=0 =1 t=
TO . .
== Z Gotdotn Vbt = —Sho (53)
t=0

Page 239



Differentiation of the same quantity in Equations (52) and
(53) with respect to the A, gives, by Equation (15)

_‘mi TZm: i £0 (54)
== OmtAmtnWmt = —Snm M
IAm r—

Hence, to first order, the adjustments needed to amnihilate
the error in the orthogonality conditions (41) must satisfy
the matrix equations

T  Aln x4 soAlnv + SPAN = sl ~sTAF (55)
Similarly, by Equations (49) and (15)

T i

0 mo
Z mtWmt T,
- = Zomtamtwfntzsfzm (56)
d1n x, ~
T i
(9 Omt Wmt
; me -1 for m=0
- (57)
d1Inv 0 for m+0
and
T 1
d Zamtwml
i=1
=0 (58)
d Ay

whence to first order the corrections must satisfy the scalar
equation

. TU . . .
(si)TAlnx, ~Alnv=-0-~ Z Oorwhy = 0 —glwH™  (59)
=1
and the matrix equation
$HT Aln x, = 1 - ¢ (60)

The Newton-Raphson matrix R’ defined in Equation (25)
must therefore be inverted to give the adjustments satisfy-
ing Equations (55), (59), and (60) with the error vector as
defined in Equation (26).

As with any Newton-Raphson method, convergence 1s not
guaranteed. Moreover, even when the algorithm does con-
verge, the point found may be a saddlepoint or even a max-
imum, since vanishing of the Lagrangian’s gradient is only
a necessary not a sufficient condition for a local minimum.
Hence the second derivatives of any point computed by this
algorithm should be checked (3). Finally, a local minimum
found may not be the global minimum. These annoyances
are characteristic of many optimization techniques and
should not preciude successful application of this algorithm
to design problems, which often seem well enough behaved
in practice.

REACTOR DESIGN PROBLEM SOLUTION

An ALGOL-60 coding of the algorithm was used to solve
the reactor design problem expressed here as a generalized
polynomial program. Simple order of magnitude engineering
estimates of the parameters were used to initiate the al-
gorithm. In many engineering applications, however, the
preliminary material and energy balances necessary to
verify the model yield not only good estimates of the
parameters but also values satisfying the nonlinear con-
straints. The optimal design shown in Table 5 was ob-
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TABLE 5. OpTIMAL REACTOR DESIGN

Design Initial Optimal
variable estimate value
A 1.0 x 10? 749
¢y 1.0 % 107* 0.124
dy 1.0 x 10 6.65
I 1.0 x 10° 92,700
q 1.0 x 10° 187
W 1.0 x 106° 5,160
w, 1.0 x 10° 86,000
w; 1.0 x 10° 171,000
AT 1.0 x 10 29.1

tained in ten iterations using 15-sec. processor time on a
B5500 computer. Convergence to the same solution from
different starting points decreased the possibility of the
existence of false optima. Calculations in the noniso-
thermal case and for various economic criteria can be found
in reference 6.

CONCLUSIONS

This report has presented an algorithm for solving gen-
eralized polynomial optimization problems. The algorithm,
initiated by estimates of the optimal variables, searches
for the stationary point of a logarithmic Lagrangian function
and relates this point to a local minima of the generalized
polynomial problem. When false optima are suspected, great
care must be taken to ensure achievement of the desired
minima. Computational experience gained working with the
algorithm on an engineering design problem with nine vari-
ables and six equality constraints has been very promising.
The algorithm should be applicable to even larger problems,
provided they are well formulated and good initial variable
estimates are available.

ACKNOWLEDGMENT

This research was supported by Office of Saline Water Grant
14-01-0001-699.

LITERATURE CITED

" 1. Passy, U., and D. J. Wilde, SIAM J. Appl. Math., 15 (5),
1344-1356 (1967).
2. Kuhn, H. W., and A. W. Tucker, Proc. Second Berkeley Symp.
Math. Statistics Probability 1950, 11, 481-492, Univ. California
Press, Berkeley (1951).
3. Wilde, D. J., and C. S. Beightler, ‘**Foundations of Optimiza=-
tion,”” Prentice-Hall, Englewood Cliffs, N. J. (1967).
4. Duffin, R. J., E. L. Peterson, and C. Zener, ‘“Geometric
Programming,’* Wiley, New York (1966).
5. Avriel, M., and D. J. Wilde, Ind. Eng. Process Design
Develop., 6 (2), 256-263 (1967).
6. Blau, G. E. and D. J. Wilde, Can. J. Chem. Eng., 47, 317-326
(1969).
7. Peters, M. 8., and K. D. Timmerhaus, *“Plant Design and
Economics for Chemical Engineers,'’ 2nd ed, McGraw=Hill,
New York (1968).
8. Eben, C. D., and J. R. Ferron, private communication (April
1968).
9. Hildebrand, ¥. B., *Introduction to Numerical Analysis,”’
p. 443 McGraw-Hill, New York (1956).

10. Westbrook, G. T., and Rutherford, Aris, Ind. Eng. Chem., 53
(3), 181 (1961).

11. Blau, G. E., Ph.D, thesis, Stanford Univ., Calif. (1968).

Manuscript received April 24, 1969, revision reccived July 28,
1969; paper accepted August 4, 1969. Paper presented at AIChE
Cleveland mceting.

January, 1971





