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A procedure for optimizing generalized polynomial functions occurring widely in 
engineering design problems is presented. Equality constraints of the same form 

function by a Newton-Raphson method. A nonlinear transformation so simplifies the 
derivatives needed for Newton-Raphson iteration that they are given in  closed form. 
The init ial  estimate needed to sturt the algorithm need not be feasible. Successive 
systematic adiustment of Lagrange multipliers i s  accomplished, and an unambiguous 
procedure for starting multipliers is given. Al l  implicit computations are linear. 
Convergence is not proven, but successful computational results for the design of a 
reactor exchanger pump system i n  eight variables and with f ive constraints are 
pres en t ed . 

can be handled. The technique involves driving to zero the gmdient of a i agrangian 

This article gives a new procedure for finding optimal 
process designs of any system whose economic objective 
function and constraining physical equations are general- 
ized polynomials. Although the term generalized polyno- 
mial may be unfamiliar to many engineers, the functions 
themselves should not, for they are generated by any phe- 
nomenon which plots as a straight line in log-log coordi- 
nates. Most design problems can often be fitted neatly into 
this theoretical framework, perhaps after Straightforward 
changes of variable have removed fractions and radicals ( 4 ) .  
Published examples of systems modeled by generalized 
polynomials already include electrical transformers ( 4 ) ,  
heat exchangers ( 4 ,  t ) ,  and chemical reactors with external 
cooling (6). Process design texts (7) are full of further 
possibilities. 

Present optimization techniques (3)  are of little practical 
value for generalized polynomial problems because the 
functions are highly nonlinear and only rarely convex. The 
first attempts to optimize such functions led to the elegant 
theory of geometric programming ( 4 ) ,  which suggests how to 
optimize posynomials, a subclass of generalized polynomials 
in which no negative terms are permitted. Geometric pro- 
gramming replaces the original problem by an auxiliary one 
involving optimizing a convex function subject only to 
linear constraints. The latter problem is sometimes easier 
to solve than the former, especially when the number of 
terms is not much greater than the number of variables. An 
efficient nonlinear programming algorithm for the auxiliary 
problem of geometric programming has already been applied 
to the design of vapor condensers (5 ) .  This approach fails, 

however, if any terms in the objective or constraint func- 
tions are negative. 

The existing theory of polynomial optilrization (I, 3)  
gives no way to  compute optima except in the special case 
where there is exactly one more term than there are inde- 
pendent variables. Also the theory i s  forrnulated in terms 
of inequality constraints, although the physical restrictions 
occurring in practice are more often strict equalities. This 
article gives an optimization algorithm, suitable for equality 
constrained problems, which has exhibited rapid conver- 
gence on a realistic reactor-exc hanger-pump system with 
nine variables ( 6 ) .  

The main idea i s  to use a Newton-Raphson procedure (3) 
to drive to zero the components of the gradient of a Lagran- 
gian function formed from the logarithms of the original o b  
jective function and the constraints. A nonlinear trans- 
formation, which amounts to substituting a weighting 
variable for each term, makes the Lagrangian gradient linear 
in the weights as well as in the Lagrange multipliers, al- 
though bilinear in the two sets of variables taken together. 
The polynomial form of all the functions makes available, 
in closed form, the derivatives needed for the Newton- 
Raphson iteration. To begin, one selects a trial primal 
solution, not necessarily satisfying the constraints exactly. 
This immediately gives the initial values of all the weight 
variables, which, when substituted into the Lagrangian 
gradient, gives a set of functions linear in the unknown 
Lagrange multipliers. By straightforward and well-known 
matrix calculations, the initial values of the multipliers are 
chosen to minimize the sum of squares of these functions. 
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Substitution of these values of weights and Lagrange mul- 
tipliers into simple formulas gives the numbers needed for a 
Newton-Raphson adjustment, obtained by solving a non- 
singular set of linear equations. This  gives new values of 
the Lagrange multipliers and of the original primal vari- 
ables. When the latter are transformed into new weights, 
the Newton-Raphson procedure i s  repeated. 

Eben and Ferron (8 )  have a different computation scheme 
which i s  also applicable to generalized polynomials. They 
use the method of successive substitutions (9) to solve a 
set of linear equations, similar to those in this article, al- 
though they are derived in a different way. The beauty of 
their approach is its simplicity and adaptability to problems 
involving functions not generalized polynomials, for ex- 
ample, those with exponential terms. The Lagrangian a p  
proach in the present article i s  quite different, using 
second-order conditions usually yielding more rapid con- 
vergence but requiring differentiability. Also the present 
method requires neither elimination of nonlinear equations 
nor selection of an independent system of nonlinear 
transformations. 

Since exposition and justification of the algorithm r e  
quires only straightforward differentiation, transformation, 
and solution of linear equations, the paper is self-con- 
tained. Global convergence i s ,  of course, ruled out be- 
cause of the possibility of multiple zeros of the Lagrangian 
gradient. Because, as for a l l  other methods for solving 
this nonconvex problem, no proof of convergence i s  avail- 
able, computational results for two numerical examples are 
given. Since they indicate that the  algorithm's high per- 
formance is not unduly sensitive to the initial choice of 
primal values, the algorithm merits at least a cautious try 
by design engineers. 

CHEMICAL REACTOR DESIGN 

Before examining the algorithm consider the problem of 
finding the best design of the chemical reactor system 
shown in Figure 1. In this problem, originally formulated 
by Westbrook and Aris ( lo) ,  a feed stream q enters the re- 
action vessel of a fixed temperature TI. It is required to 
produce a certain commodity E at a rate P by means of two 
parallel exothermic reactions: 

ki A - B  

k2 A + D + E  

The heat generated by the reactions i s  removed by an ex- 
ternal heat exchanger while isothermal temperature control 
i s  maintained by circulating a bypass stream. The problem 

MIXER 4 REACTION VESSEI 

Fig. 1. Chemical reaction s y s t e m .  

is to design the system to produce P while optimizing some 
economic criterion. 

In reference 6 this problem i s  formulated as a generalized 
polynomial program with nine variables and s ix  inequality 
constraints. Briefly the methodology proceeds as follows: 
(a) The kinetic rate expressions are specified and used to 
write steady state material and energy balances. (b) Con- 
ventional design relations are employed t o  s ize  the reactor 
vessel, exchanger, pumps, and a l l  other pieces of equip- 
ment. (c) An economic criterion i s  specified and expressed 
in terms of the  parameters appearing in (a) and (b). Some 
simplifying assumptions and algebraic manipulations are 
usually necessary so that the model consists exclusively of 
generalized polynomials. Anyone contemplating the case of 
generalized polynomial programming for plant design should 
become familiar with reference 6. 

A severe limitation on the procedure was the necessity to 
transform, by heuristic methods, the physically realistic 
equality constraints into inequalities suitable for analysis 
by the algorithm described in reference 11. The technique 
described in this paper permits the use of equality con- 
straints so that problem formulation i s  greatly simplified. 
Consider this optimal reactor design problem for profit 
maximization at T = 200OF. formulated as an equality con- 
strained generalized polynomial program: 

minimize -go = 0.5(0, - S) rn = -1 (1) 

where 

S = 492,000 + 5 5 6 ~ ~  d$ 
w 2 . 8 5  

0, = 18,000 + 0.191 + 10.5d; + 7.32 x lo-'' 0 
A1.70 

W;.80 

+ 0.0189~i + 2.12 x 10-l' ~ 

Al.80 

+ 232q - 4 1 0 9 ~ ~  - 82000 

1 = 21.5W0.782 + 5500 + 550d" + 2030db' + 647q0'467 
LL;l . 3 3  

+ 0.184 2- + 1060A""*" 
AO.8 

subject to the following: 

1. Material balance constraint: 

g , = - + - - = l  129.4 105 
dt, 9 

2. Energy balance constraint: 

1 
g, = 1.03 105 - CAd; + 1.20 x 106 ___ 

woA To W O A  T o  

3. Reactor vessel design constraints: 

d3 dZ, d2v g, = 4.68 2 + 6.13 - + 160.5 - = 1 w W W 
d$cA 35.7 

g4 = 1 . 7 9 ~ ~  + 3.02 __ + - = 1 

4. Exchanger design constraint: 

woAT ~00.~~3 T 
g, = 1.22 10-3 + 1.67 10-3 Ao.45 

w?80A0.20 
woA T woA T + 3.6 - + 2.0 - 

A Wi 

1 (3) 

(4) 

(5) 

+ 4.0 10-3 A T  = 1 ( 6 )  
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TABLE 1. NOMENCLATURE FOR REACTOR DESIGN PROBLEM 

A 

2 
1 "  fixed plant investment, $ 

k, 9 %  

0 operating cost, $/yr. 
PC 
9 
T 

w i w ,  
W 
AT temperature driving force, O F . -  

77 annual profit, $ /yr. 

area of heat transfer, sq. ft. 
concentration of component A ,  1b.-moles/cu. f t .  
diameter of exchanger tubes, ft. 

reaction rate constants, hr.-' 

production rate of D, 1b.-moledyr. 
reactor volumetric flow rate, cu.ft./hr. 
temperature of process stream, O F .  

mass flow rate inside (outside) tubes, lb./hr. 
weight of reactor steel, lb. 

where the parameters are defined in Table 1. The complete 
formulation of this problem from first principles is con- 
tained in reference 6. The computational aspects of the 
solution will be presented after the algorithm has been ex- 
amined and illustrated with a simple example. 

DESCRIPTION OF METHOD 

This section defines the polynomial optimization problem 
and describes the algorithm for solving it. Justification of 
the procedure is presented later, following a sample cal- 
culation and discussion of computational experience. 

Consider M + 1 generalized polynomials g m  defined by 
m 

The strictly positive, finite independent variables xn  are to 
be chosen 

O < X , < W  n = 1 ,  ..., N (8) 

whereas the positive real constants 

C m t > O  t = l , * * * , T m  (9) 

the arbitrary real exponents amtn, and the signum functions 

umt = k 1  ( 10) 

are presumed known in advance. The equality constrained 
generalized polynomial minimization problem is 

min go (11) 
X 

subject to 

g m = l  ( m 4  0) (12) 

To initiate the algorithm, choose finite, positive values 
x i  of the x, not necessarily satisfying the constraint Equa- 
tions (12), and use Equation (7) to compute corresponding 
values g i  of the polynomials. Then calculate a weight 
wornt, one for each term, by 

N 
(;crg,O)-'cot n (x;)aotn for m = o 

n= I 

where the sign of go at the desired minimum x* 

i s  assumed known in advance and ug," > 0. Next evaluate 
the following sums: 

(15) 

From these s u m s  form the N x I vector 

(the superscript T denotes transposition) and the N x M 
matrix 

S O =  (17) 

assumed to be of rank M, so that SOT So is nonsingular. 
Then compute the M x 1 vector of multiF1' I iers 

Ao = (So SO)-' So * s:: (18) 

Let the total number of terms be 

.M 
T - C  T, 

m=O 

and form the T x 1 vector 

( 19) 

wo 3? ( w z 1 '  WOOTO, W y I ?  '.' ? W T T , ?  * " ,  

u ) i 1 >  ' ' ' 7 WGT,) (20) 

The vectors wo and Ao are needed to begin the computation 
process. 

Consider now the ith cycle of the iteration process. The 
algorithm generates corrections Awi  and A X a  to the current 
values wz and hi of the weights and multipliers, yielding 
estimates wit and hit for the next iteration. 

,i+l ~ ,i + A ,i; A i t l  X i  AAi (21) 

To do this, evaluate sums sLm and form from them a vector 
s: and an N x M matrix Si just  a s  in Equations (15) to (17), 
the superscript being i instead of zero. Also compute the 
NZ totals for n, j = 1, .  . . , N 

and assemble them into an NZ symmetric matrix 

At  each iteration there is  known the value of one additional 
variable u l ,  which is also adjusted by the algorithm. To 
begin, take it to be the value of the objective function a t  xo. 

uo E ug; (24) 
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Form the ( M  + N + 1Y symmetric Nedon-Raphson matrix R i  

where 0 represents null matrices of appropriate dimension 
to fill out themws and columns of R'. Observe that the as- 
sumption that Si has rank N implies that R i  i s  nonsingular. 
Next construct the  ( M  + N + 1) x 1 error vector ei 

where the third member above merely defines the M x 1 
vectors 1 (all components unity) and g (the vector of con- 
straint function values). Then an ( M  + N + 1) x 1 vector of 
adjustments i s  given by 

Here In x i  represents the N x 1 vector of natural logarithms 
of the x:, so  that the next estimate xi+' i s  

"2' = x: exp (Aln x:) 

ui+l = u i  exp ( A  In u ' )  

(28)  

whereas 

(29) 

These quantities a re  used t o  compute new values of the 
weights, defined by Equation (13) for m = 1, . . . , M, but 
given for m = 0 by 

,it1 = ( U i t l ) - i  (30) ot - 
n= 1 

Since the new Ai t l  are known from Equations (21) and (27),  
the algorithm has completed the ith iteration. The procedure 
continues until all components of the error vector are ac- 
ceptably close to zero. 

SAMPLE CA LCU LATION 

The importance of initial approximations in obtaining the 
local minimum in as few iterations as possible can be il- 
lustrated by the following example: Find the vector (xf, 
q*) > 0 that 

minimizes go = 5 4  + loxi - 50x1x, - 30xt (31) 

subject to the constraint 

x: x,' 
g,=--+-- - 1  

1200 1200 
(32) 

where E < 0 SO that (T = - 1. A local minimum for this prob- 
lem occurs at x: = 12.58 and x: = 32.27 where gt = -4677.57 
and the multiplier AT has  the value -0.064895. Setting 
x: = 12.6 and x: = 32.3, a good approximation to the optimal 
solution, the problem was solved for different values of 

A: with the number of iterations shown in Table 2. A poor 
approximation greatly increases the computational burden, 
encouraging the use of the algorithm initiation procedures 
even when a good approximation to the .*, variables i s  
available. 

T A B L E  2. NUMBER OF ITERATIONS FOR DIFFERENT A: 

No. of No. of 
iterations - 0  x iterations A 1 

0 3 0 3 
0.1 3 -0.1 3 

1 4 -1 3 
2 5 -2  4 
5 7 -5 7 

10 13 - 10 12 

The efficiency of the algorithm for different initial es- 
when the multiplier A? i s  obtained by Equa- timates xp, 

tion (12) i s  shown in Table 3. Points 2 and 3 are interior 
to  the circle described by the constraint but quite c lose to 
the optimum. Points 4 to  6 are a lso interior but poor a p  
proximations to x:, x:. Finally the number of iterations for 
points 7 and 8 exterior to the circle are presented. The 
value of good estimates for large systems will be discussed 
further in the paper. 

TABLE 3. NUMBER O F  ITERATIONS FOR DIFFERENT xp, x," 

No. of 
Point No.  xp x," g," 1 - gp iterations 

1 12.6 33.2 0.128 -4654.5 -0.0508 3 
2 10.0 30.0 0.320 -4000.0 0.167 4 
3 15.0 25.0 0.093 -2375.0 0.292 5 
4 10.0 10.0 0.250 -2000.0 0.833 5 
5 1.0 1.0 -0.962 -65.0 0.998 12 
6 0.05 0.05 -0.998 -0.2 1.000 l O O +  
7 12.0 35.0 0.381 -4430.0 -0.141 4 
8 13.0 45.0 1.87 -3085.0 -0.828 5 

To conclude this section, the progress of the algorithm 
starting from the point xp = x," = 10 i s  presented in Table 4. 
Note the quadratic convergence behavior demonstrated in 
this example. 

TABLE 4. SOLUTION FOR %p = 10, x," = 10 

~ 

1 10.0 10.0 0.250 -2000.0 0.833 
2 13.14 27.18 0.492 -4305.6 0.240 
3 12.73 33.29 -0.168 -4653.9 -0.0584 

5 12.58 32.28 -0.0649 -4677.6 
4 12.59 32.30 -0.0738 -4677.0 -0.ooi70 

-4.14 x lo5 

JUSTIFICATION 

The algorithm i s  a Newton-Raphson procedure for simul- 
taneously satisfying the primal constraints and driving to 
zero the gradient of a certain Lagrangian function. Deriva- 
tions justifying the formulas given previously are presented 
here. 

In reference 1 i t  i s  proven that the original primal mini- 
mization problem defined in Equations (7) to  (13) i s  equi- 
valent, that i s ,  has the same solution, as the following one: 

(33)  min (u In u go) 
X 
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subject to 
In g ,  = 0; m = 1 , .  - .  , M  (34) 

Introduce a Lagrange multiplier (3 )  A, for each of the M 
constraints and form the logarithmic Lagrangian function: 

L = u 1n u go - Am In g m  (35) 
m=l 

It i s  well known (3)  that at a local minimum the first deri- 
vatives of L must vanish. Le t  the minimizing values of all 
variables and functions at a local minimum be marked with 
*. Then for all j = 1,. . - ,  N 

This  expression i s  simplified by factoring out 9,  which i s  
finite and positive, by Equation (2), and by introducing the 
following weights: 

(37) 

Here v i s  regarded as a n  estimate of ug; generated by the 
algorithm. The simplified version of Equation (30) i s ,  for 
n = 1 , .  . . , N  

Since x* must satisfy the constraint Equation (6) 

g*, = 1 (m 4 0) (39) 

Also v must equal ug; at x* by definition. 

u* = ug; (40) 

Equations (36) to  (38) give 

Equations (7), defining the polynomials, and (37), defining 
the weights, yield, upon summation 

m 

m 

At a feasible local optimum, Equations (12), (40), (42), and 
(43) give 

2 uot w*ot = u 

2 umt w*mt = 1 

(44) 
t=l 

m = 1, . . . , M (45) 
t=l 

The algorithm i s  intended to generate solutions A* and w* 
satisfying the N orthogonality conditions (42)  and the M + 1 
normality conditions (44), (45). 

For the initial estimate xo it i s  natural, in view of Equa- 
tion (34), to take 

uo = ug," (46) 

This  fixes a l l  the weights. Application of abbreviation, 
Equations (9) to (ll), converts Equation (41), written 
formally for wo [defined in Equation (13)1, and ,lo instead of 
w* and A*, into 

sob0 = s: (47) 

Equation (17) then gives the least squares solution to this 
inconsistent set of N linear equations in orily M unknowns 
Am. That i s ,  it yields the  vector A of Lagrange multipliers 
minimizing the sum of squared differences between the left 
and right members of Equation (47). 

It is convenient to rewrite Equation (37) as 

N 
w 0 t  = exp In cot  + a o t n  In x n  -In [ n = l  

and 
r 

Differentiation gives 

and 

Therefore by Equation (22) 

r ,  ., m li 
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Differentiation of the same quantity in Equations (52) and 
(53) with respect to  the  A, gives, by Equation (15) 

a[li = - 2 o m t a m t n w m t  = - s i m  m 0 (54) 
t = l  d Am 

Hence, to first order, the adjustments needed to  annihilate 
the error in the orthogonality conditions (41) must satisfy 
the matrix equations 

T i  Aln x i  + s ,Alnu  + S i A A i  = sb - S i  Ai 

Similarly, by Equations (49) and (15) 

for m i 0  d In u 

and 

rT, l i  

whence to first order the corrections must satisfy the scalar 
equation 

. .  
( s ; ) ~  Alnx, - Aln u = o - o O t w i t  = o - g:(uz)- ’  (59) 2 t=l 

and the matrix equation 

(Si)T Aln xn = 1 - g i  (60) 

The Newton-Raphson matrix Ri  defined in Equation (25) 
must therefore be inverted to give the adjustments satisfy- 
ing Equations (55), (59), and (60) with the error vector as 
defined in Equation (26). 

A s  with any Newton-Raphson method, convergence i s  not 
guaranteed. Moreover, even when the algorithm does oon-8 
verge, the point found may be a saddlepoint or even a max- 
imum, since vanishing of the Lagrangian’s gradient i s  only 
a necessary not a sufficient condition for a local minimum. 
Hence the second derivatives of any point computed by this 
algorithm should be checked ( 3 ) .  Finally, a local minimum 
found may not be the global minimum. These annoyances 
are characteristic of many optimization techniques and 
should not preclude successful application of this algorithm 
to design problems, which often seem well enough behaved 
in practice. 

R E A C T O R  DESIGN P R O B L E M  SOLUTION 

An ALGOL40 coding of the algorithm was used to  solve 
the reactor ‘design problem expressed here as a generalized 
polynomial program. Simple order of magnitude engineering 
estimates of the parameters were used to  initiate the al- 
gorithm. In many engineering applications, however, the 
preliminary material and energy balances necessary to 
verify the model yield not only good estimates of the 
parameters but a lso values satisfying the nonlinear con- 
straints. The optimal design shown in Table 5 was o b  

TABLE 5. OPTIMAL REACTOR DESIGN 

Design Ini t ia l  Optimal 
var iable  es t imate  value 

1.0 x lo2 
1.0 x lo-’ 
1.0 x 10‘ 
1.0 x lo5 
1.0 10’ 
1.0 x 103 
1.0 x 105 
1.0 lo5 
1.0 x 10’ 

749 
0.124 
6.65 

92,700 
187 

5,160 
86.000 

171,000 
29.1 

tained in ten iterations using 15-sec. processor time on a 
B5500 computer. Convergence to the same solution from 
different starting points decreased the possibility of the 
existence of false optima. Calculations in the noniso- 
thermal case and for various economic criteria can be found 
in reference 6. 

CONCLUSIONS 

This report has presented an algorithm for solving gen- 
eralized polynomial optimization problems. The algorithm, 
initiated by estimates of the optimal variables, searches 
for the stationary point of a logarithmic Lagrangian function 
and relates this point to a local minima of the generalized 
polynomial problem. When false optima are  suspected, great 
care must be taken to  ensure achievement of the desired 
minima. Computational experience gained working with the 
algorithm on an engineering design problem with nine vari- 
ables and s ix  equality constraints has been very promising. 
The algorithm should be applicable to even larger problems, 
provided they are well formulated and good initial variable 
estimates are available. 
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